Abstract-In this paper, we propose a cognitive Go-Back-N Hybrid Automatic Repeat reQuest (CGBN-HARQ) scheme for a cognitive radio (CR) system to opportunistically transmit data over a primary radio (PR) channel. We model the activity of PR users (PRUs) occupying the PR channel as a Markov chain with two states: 'ON' and 'OFF'. In order to use the PR channel, the CR system first senses the availability/unavailability of the PR channel. Once it finds that the PR channel is free, the CR system transmits data packets over the PR channel's spectrum, whilst relying on the principles of GBN-HARQ. In this paper, we investigate both the throughput and delay of CGBN-HARQ, with a special emphasis on the impact of various system parameters involved in the scenarios of both perfect and imperfect spectrum sensing. Our studies demonstrate that the activity of PRUs, the transmission reliability of the CR system as well as the number of packets transmitted per time-slot may have a substantial impact on both the throughput and the delay of the CR system.
I. INTRODUCTION
Recent studies conducted by the Federal Communication Commission (FCC) in the USA and by the European Telecommunications Standards Institute (ETSI) in Europe [1, 2] reveal that, under the static spectrum allocation policy, the reserved electromagnetic spectrum is heavily underutilized, whilst at the same time the remaining spectral resources become insufficient for new wireless [2, 3] . The predicament of inefficient spectrum utilization motivates the research of dynamic spectrum access, which allows cognitive radio users (CRUs) to opportunistically access the earmarked, but momentarily unoccupied spectrum, which was originally assigned to primary radio users (PRUs) [1, 3, 4] .
In [5] , we have proposed a Cognitive Stop-and-Wait Hybrid Automatic Repeat reQuest (CSW-HARQ) scheme for opportunistically accessing a PRU's channel, and studied both the attainable throughput and the delay imposed by cognitive Stop-and-Wait-HARQ (CSW-HARQ) scheme. Following on from our studies in [5] , in this paper, we propose a Cognitive Go-Back-N HARQ (CGBN-HARQ) scheme and investigate both its throughput and delay. As in [5] , we assume that PRUs activate a PR channel according to a two-state Markov chain with the states 'ON' and 'OFF' [6] . In order to access the primary radio (PR) channel, the CR system first senses the channel and it is allowed to utilize this channel, if it is found in the 'OFF' state. Otherwise, the CR system waits and keeps on sensing the PR channel. Furthermore, we assume that the PR channel is partitioned divided into time-slots (TS) of duration . For our CR system, we assumed that every TS is further divided into two segments, namely the sensing time of duration and the data transmission time of duration = − [7, 8] , whilst relying on the GBN-HARQ principles [9, 10] , provided that the PR channel is sensed to be free.
Both the throughput and delay of the conventional ARQ schemes have been widely studied [9] [10] [11] . Specifically, for the conventional GBN-ARQ, the throughput and delay have been investigated, for example in [12] [13] [14] [15] [16] [17] , based on the classic Markov chain models. In more detail, the authors of [12, 13] have analyzed the throughput of the GBN-ARQ based on a hidden Markov model, when assuming either reliable or unreliable feedback. In [14, 15] , the authors analyzed the delay of GBN-ARQ, while both the average packet delay and its distribution have been studied in [16] . A hybrid of the interweave and underlay paradigms has been proposed in [18, 19] for improving the performance of CRU. The authors of [19] have also used the ARQ approach for improving the reliability.
In this paper, we specifically investigate the achievable throughput and the average packet delay of the proposed CGBN-HARQ scheme in perfect and imperfect sensing environment. Furthermore, we study the end-to-end packet delay, by investigating its probability distribution. Note that in this paper the average packet delay is defined as that of the total time required for successfully transmitting a packet. By contrast, the end-to-end packet delay is defined as the time elapse from starting the transmission of a packet to the successful reception of the packet. In this paper, the throughput and delay of the CGBN-HARQ protocol is characterized from different perspectives. Our studies demonstrate that both the activity of the PR system and the transmission reliability of the CR system impose a substantial impact on the achievable performance of CGBN-HARQ, where the parameters have to be carefully adapted according to the specific communication environment encountered, in order to maximize its performance.
Against the above background, the contribution of this paper can be summarized as follows, 2) The performance of the proposed scheme is quantified in terms of diverse performance metrics, such as its throughput, average packet delay, probability distribution of end-to-end packet delay. The rest of this paper is organized as follows. The models for the PR and CR systems are described in Section II. The principles of CGBN-HARQ are stated in Section III. Sections III-A and III-B consider the operations of the CR transmitter and receiver. Our performance results are provided in Section IV, whilst our conclusions are offered in Section V.
II. SYSTEM MODEL In this section, we describe both the PR as well as the CR systems and detail our assumptions used for obtaining our provided results in Section IV. As in [5] , we consider a PR channel, which is used by the PRUs accessing it based on TSs of duration . We assume that the activation of each TS is independent of that of the others and has the same probability. The activation of the PR channel by PRUs is modeled as a two-state Markov chain with the state transitions shown in Fig. 1 
A. Modeling of Primary Radio
which gives
Furthermore, as shown in Fig. 2(a) , we assume that if the PR channel is found in the 'ON' state at the start of a TS, it remains busy until the end of that TS and the TS should not be used by the CR. On the other hand, if a TS is detected to be free from the PR, then, it is free for use by the CR [6] . . Discrete-time Markov chain for modeling the CR system where 0 = 00 illustrates that the respective TS is free and also the CRU detected it free, 1 = 01 represents that the channel is free but the CRU finds it busy. Likewise 2 = 10 and 3 = 11.
B. Modeling of Cognitive Radio
As mentioned above, in the CR system, each TS is divided into two phases: sensing with a duration and data transmission having a duration of = − , as shown in Fig. 2(b) . Hence, when the PR channel is detected to be in the 'OFF' state within the sensing period , the CR uses the time for its data transmission based on the principles of GBN-HARQ 1 . In practice, the CRU may not always be capable of perfectly detecting the 'ON' and 'OFF' activity of the PRUs due to the channel induced shadowing and fading. Firstly, it is possible that the CRU senses the PR channel to be in 'ON' state, while it is actually in the 'OFF' state. Secondly, it is possible that the channel is detected to be in the 'OFF' state, while it is actually in the 'ON' state. The former and latter scenarios are known as false-alarm ( ) and missed-detection ( ), respectively. Similarly, there are other scenarios, as seen in Fig. 3 .
Let us define the states reflecting the above situations as ( , ), where is the real status of the PR channel and represents the status of the PR channel sensed by the CR system. Specifically, = { 0, PR channel is free 1, PR channel is busy.
= { 0, the PR channel is sensed to be free 1, the PR channel is sensed to be busy. Let the transition probabilities between state and state be represented by , . Then, we have a transition matrix given by
According to Fig. 3 , it can be shown that
Let the steady state probabilities of the Markov chain be expressed as
which shows that is the right eigenvector of P P P corresponding to the eigenvalue of 1. Therefore, after solving Equation (4), we obtain
where ∈ ℝ, which can be determined by the
Consequently, the steady state probabilities are
III. PRINCIPLES OF COGNITIVE GO-BACK-N HYBRID AUTOMATIC REPEAT REQUEST
In our CGBN-HARQ system, the data is encoded using a ReedSolomon (RS) code RS( , ) [9] , defined over the Galois Field of GF(q)=GF (2 ), where and represent the number of information and coded symbols, respectively and is the number of bits/symbol. We assume that every packet consists of a RS codeword, which is transmitted within seconds. Let = / . Then, within a free TS, the CR transmitter can transmit packets. Additionally, we assume that the RS code is capable of correcting number of -bit symbol errors and that its error-detection is perfect, when there are uncorrectable errors in a received packet, i.e. when more than -bit symbol errors were imposed by the channel.
Based on the above assumptions, data is transmitted between two CR users over the free PR channel, based on the principles of CGBN-HARQ, which is depicted in Fig. 4 . This protocol allows the CR transmitter to continuously transmit packets without waiting for the corresponding feedback flags. Here, represents the maximum number of packets transmitted during a single round-trip time (RTT), which is assumed to be equal to ( + ). Note that the RTT is defined as the time interval between the transmission of a packet and the reception of a feedback flag for that packet.
The operational principles of the CGBN-HARQ protocol can be described by the algorithm of Fig. 4 as detailed below. CR transmitter senses a TS.
5:
if TS is free then 6: transmits packets from to + − 1 − .
7:
TS = TS+1, = .
8:
Transmitter starts sensing TS immediately.
9:
if the th packet is received error-free then
11:
receiver transmits ACK for the th packet.
12:
= + 1.
13:
if TS is free && ACK is received then
14:
transmit the ( + )th packet.
15:
= 
35: end while

A. Operation of the CR Transmitter
In the traditional GBN-HARQ protocol, the transmitter continuously transmits its packets, until a NACK signal is received. In this case, both the erroneous packet as well as the other packets transmitter sent after the erroneous packet will be retransmitted. By contrast, in our proposed CGBN-HARQ scheme formulated in Algorithm 1 and in Fig. 4 , the CR transmitter is only allowed to transmit packets in the TSs free from the PR. The transmitter first has to sense the PR channel before the transmission or retransmission of packets. If the PR channel is found in the 'OFF' state, the CR transmitter can transmit packets, which may include both new packets and the packets requiring retransmission. Otherwise, its waits for the next TS and senses the channel again. In our scheme, we assume that all packets are of the same length and the CR transmitter is always ready to transmit these packets in free TSs. Furthermore, each CR packet consists of a RS coded codeword, which is transmitted within the duration of seconds, as shown in It is worth mentioning that for implementing the CGBN-HARQ protocol, the CR transmitter is assumed to have a buffer size of packets, which follows the FIFO principle [9] [10] [11] . The transmitter stores the copies of the transmitted packets in its buffer until they are positively acknowledged (ACK). The buffer is updated according to the feedback flags received from the CR receiver. In detail, as shown in Fig. 5 , if the ACK for the th packet, = 1, 2 in this example, is received, the copy of the th packet is then deleted from the buffer and a new packet is appended at the end of the buffer. Furthermore, if the next TS is sensed to be free, which is the case in Fig. 5 , this newly appended packet will be transmitted accordingly. On the other hand, if a NACK flag is received for the th packet, such as = 3 in our example, then the transmitter retains both the th packet as well as the following packets, which are retransmitted in the next free TS, as presented in Fig. 5 .
Additionally, in the proposed CGBN-HARQ scheme, we assume that the CR transmitter may receive feedback flags both during free and busy TSs. This assumption is reasonable, because the ACK and NACK flags only contain a few bits, hence they do not impose a grave impact on the transmission of PR signals. In Fig. 6 , we portray the scenario, where a free TS is followed by a busy TS. As shown in Fig. 6 , the first 2 packets are correctly received, whereas the 3rd is received in error. Therefore, the 2 copies of the correctly received packets are deleted and 2 new packets are appended to the end of the buffer, which are packets 5, and 6. Since packet 3 is in error, packet 3 and 4 are kept in the buffer. Furthermore, since the second TS is busy, the CR transmitter has to wait until a free TS is sensed. Then, all these 4 packets are transmitted in the free TS, as shown in Fig. 6 .
B. The operation of the CR Receiver
The CR receiver operates similarly as in the conventional GBN-HARQ. In the CGBN-HARQ, the CR receiver is assumed to have a buffer for storing the index of received packets [10, 11] , which increases only when an error-free packet is received, as presented in Algorithm 1. In detail, the operations of CR receiver can be explained in terms of normal states and erroneous states as follows.
1) Normal States:
The CR receiver is considered to be in the normal state, when the sequence index of a received packet matches the sequence index stored in the receiver buffer. If this is the case, the CR receiver first carries out RS decoding and, then, generates a corresponding ACK or NACK flag, to be sent to the CR transmitter. Furthermore, if the packet becomes error-free after RS decoding, the CR receiver increases the sequence index by one, as stated on lines 11 and 12 of Algorithm 1. Then, the CR receiver waits for the reception of the next packet.
2) Erroneous States: When the CR receiver is in the normal state but an erroneous packet is output after RS decoding, the CR receiver changes to the erroneous state. During this state, the CR receiver discards the erroneous packet and transmits the NACK flag. Furthermore, the sequence index in the CR receiver buffer remains unchanged. Additionally, the CR receiver discards the subsequent packets received following the erroneous packet, regardless whether they are correct or not, as stated on line 21 of Algorithm 1. Following the above actions, the CR receiver enters into its normal state and waits for receiving the retransmission of the erroneous packet.
As the example seen in Fig. 5 shows, the CR receiver discards the erroneous packet 3 as well as the subsequent packets 4, 5 and 6, since it has to first correctly receive packet 3. As shown in Fig. 5 , after the reception of a NACK flag for packet 3, the CR transmitter stops transmitting new packets and immediately retransmits packet 3 as well as the other packets already transmitted. The above process continues until all packets are successfully received.
IV. PERFORMANCE RESULTS
In this section, we provide our performance results for characterizing the proposed CGBN-HARQ system, which were obtained from Matlab based simulations. Both the throughput and the delay are quantified. In our simulations, the throughput is formulated as
where represents the total number of TSs used for the successful transmission of packets, while ( + ) is the number of 's per TS. Note that includes both the free TSs and the busy TSs from the start of transmission to the successful reception of the packets. The average packet delay is formulated as
However, the results provided in the following figures were the average packet delay normalized by , which is given by ′ = / in terms of the unit of . Figs. 7 and 8 characterize the attainable throughput performance of CGBN-HARQ versus the packet error probability for the scenario perfect and imperfect sensing. For a given value of , it is observed from Fig. 7 that the throughput of CGBN-HARQ is maximum, when the channel is error-free, i.e. for = 0. As increases, implying that the CR channel becomes less reliable, the achievable throughput is reduced, due to the increased fraction of packet retransmissions. As seen in Fig. 7 , at a given value of , the throughput of CGBN-HARQ is maximum, when the PR channel is always free, i.e. for = 0. As the probability of PR utilization increases, the attainable throughput of the CR system drops significantly, since it has less opportunity to transmit data on the PR channel.
Moreover, we compare the throughput of the CGBN-HARQ scheme in the scenario of both perfect and imperfection sensing. We can observe from Fig. 7 that the throughput is higher in the perfect sensing environment. This is due to the fact that the probability of falsealarm and miss-detection is zero. Hence, no free TS is wasted, and no transmission takes place during a busy TS. On the other hand, in an imperfect sensing environment, the throughput reduces compared to that of the perfect sensing scenario, because a free TS may be falsely sensed as being busy, which decreases the number of TSs available for transmission. Additionally, the decrease in throughput may also be the result of transmitting packets in a busy TS, which always results in erroneous reception of packets due to collision with the packets transmitted by the PRUs.
Given the other system parameters, when the value of increases from = 1 to 15 in perfect sensing environment, we can observe that the highest achievable throughput is dependent on the CR channel's reliability. Specifically, when the channel is relatively less reliable yielding a large , a smaller should be used for attaining a higher throughput. By contrast, if the CR channel is reliable, yielding a low value of , the highest throughput may be attained by applying a relatively high value. From these observations we may conclude that when the other system parameters as well as the channel reliability are given, there is an optimum value for , which results in the highest throughput for CGBN-HARQ. Fig . 9 and 10 quantify the average packet delay of CGBN-HARQ systems, where the average packet delay is at its minimum, when and/or is zero. Naturally, the average packet delay is increased with the increase of and/or . Furthermore, similar to the above the discussions, the proposed CGBN-HARQ scheme imposes a lower delay in a perfect sensing than imperfect sensing. Additionally, as shown in Fig. 10 , the average packet delay depends on the value of . For given values of and , there is a corresponding value for , which results in the lowest packet delay. However, if the packet error rate is high, a longer delay is imposed upon using a higher value of .
In Fig. 11 , the probability mass function (PMF) of the end-to-end packet delay is characterized in the context of = 7, 9 and 11, when sensing results are perfect. Here, the end-to-end packet delay is defined by the time duration spanning from starting to transmit a packet to the instant, when it is successfully received. Specifically, in our simulations, let be a -length vector with the th element ( ) representing the end-to-end delay of the th packet, where is the total number of packets successfully transmitted. Then, the PMF of the end-to-end packet delay presented in Fig. 11 is evaluated as [5] ( ) =
where max( ) denotes the maximum delay of the packets. We can observe from Fig. 11 that for the given parameter values, in the case of = 7, 49.2% of the packets are successfully received during their first transmission, 29.5% packets have a delay of 9 , which corresponds to two transmissions for successfully receiving a packet, and 12% of the packets are successfully received with a delay of 17 , which corresponds to requiring three transmissions for successfully receiving a packet or it may be due to the occurrence of a busy TS in between the erroneous and successful transmission of a packet. Similarly, we can find the probabilities for the other cases of = 9 and 11. Moreover, Fig. 11 also illustrates that the tail of the distribution curves shift towards the righthand side, as the value of increases, which implies that a longer delay is experienced by a packet.
V. CONCLUSIONS
We have proposed a CGBN-HARQ scheme for a CR system. Our results demonstrate that the channel utilization of the PRUs as well as the reliability of both CR communications and of spectrum sensing have a substantial impact both on the throughput and the delay of CGBN-HARQ. When the CR communication becomes less reliable or when the PR has a high probability of occupying the channel, the CR system's throughput may drop significantly, which also implies having a longer transmission delay. Furthermore, our results show that when the communication environment varies, the number of packets transmitted within a time-slot should be accordingly adapted, in order to attain the highest throughput and the shortest average transmission delay.
